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Abstract
The standard formulation of 4D-Var assumes random zero-mean errors for all
sources of information used in the analysis. This assumption is usually not
well verified in real-world applications. The performance of a weak-constraint
4D-Var formulation ("forcing" formulation) is studied in this paper in a simpli-
fied experimental setting using additive model errors of different length-scales
and observing systems of different coverage and accuracy. A set of twin exper-
iments is carried out and results show that weak-constraint 4D-Var can accu-
rately estimate the actual model errors and the initial state only when back-
ground and model errors have different spatial scales and when the observa-
tions are unbiased and spatially homogeneous. We also present preliminary
results from a different weak-constraint 4D-Var formulation ("state" formula-
tion) which could in principle overcome some of these limitations, but at the
cost of a substantial increase of computational and memory requirements. These
findings help identify the potential but also the intrinsic limitations of the
weak-constraint 4D-Var approach. They also help to clarify the experimental
results seen in the operational ECMWF analysis system where the analysis and
first-guess temperature bias is reduced by up to 50% in the stratosphere.
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1 INTRODUCTION

Errors arise in numerical weather prediction (NWP) from
two main sources, incorrect initial conditions and deficien-
cies in the dynamics and the physical parametrizations
of the forecast model. To correct initial errors, 4D-Var
adjusts the initial state so as to find the model trajectory
that best fits (in a least-square sense) the observations
over the assimilation window. However, the model errors
which gradually accumulate during the model integration
are not taken into account. Considerable efforts are made

to remove biases from models at operational centres, yet
their effect on the quality of the analysis remains signif-
icant. The standard formulation of 4D-Var is designed to
correct random, zero-mean errors in the first-guess trajec-
tory with unbiased observations. If a model has systematic
errors, then the model drift causes a bias in the resulting
analysis. The size of this analysis bias depends on the accu-
racy as well as the frequency of the observations. This has
significant consequences not only for NWP applications
but also for climate reanalysis which typically runs a data
assimilation system over decades. The availability of a new
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observing instrument could change or reduce the analysis
bias but this might be perceived as an apparent change in
the climate (Dee, 2005).

To overcome these difficulties, an assimilation
algorithm should ideally be able to estimate the model
systematic errors. It should then use this information to
adjust subsequent model trajectories by applying a correc-
tion at each model time step throughout the assimilation
interval. Therefore, the model mean errors would rapidly
reduce in magnitude and the original hypotheses of
4D-Var would not be violated any more. As model biases
are expected to vary spatially and temporally, though on
spatial and temporal time-scales significantly longer than
random errors, the model bias estimation and correction
needs to be adaptive. Correcting the model biases at every
model time step also improves the temporal homogeneity
of the solution from one assimilation window to the next.
This feature is particularly beneficial for applications such
as reanalysis as it helps to achieve a better temporal and
spatial consistency in the climate reconstruction.

Accounting for model error in NWP data assimilation
is not a new research topic. The application of variational
analysis to the estimation of the initial conditions was
first proposed in the NWP domain by Sasaki (1970) where
the model constraint to the analysis could be applied
either as an exact (strong) constraint or as an approxi-
mate (weak) constraint. Derber (1989) developed the Vari-
ational Continuous Assimilation where the model initial
state and parameters that represent systematic errors in
the model are estimated simultaneously. The word ‘con-
tinuous’ denotes the fact that the algorithm distributes the
correction throughout the window. Dee (2005) introduced
the term bias-aware assimilation to describe any assimi-
lation algorithm which explicitly takes into account sys-
tematic errors from the model. He found that the presence
of bias can be detected on the input side of the analysis
by monitoring differences between observations and their
model-predicted equivalents, and on the output side by
examining systematic features of the analysis increments.
Separation of different bias sources requires additional
information, such as independent observations, knowl-
edge of the underlying causes, or hypotheses about the
error characteristics of possible sources. Weak-constraint
4D-Var has been introduced by several authors to denote
the same family of algorithms which relax the perfect
model assumption (Wergen, 1992; Zupanski, 1993; Ben-
nett et al., 1996; Vidard et al., 2004; Trémolet, 2006). The
model is considered in the same way as the other sources
of information, taking into account that there is a degree
of uncertainty about the information it can provide on the
evolution of the atmospheric state.

The continued reduction in sources of analysis error
since the introduction of 4D-Var means that it is no longer

possible to ignore the model itself as a source of error.
However, weak-constraint 4D-Var has never fully achieved
its objective of removing model error in an operational
forecasting system up to now. Part of the reason is that
it is intrinsically difficult to reliably diagnose model error
and its statistics (Todling, 2015b; 2015a). Observations are
the only independent source of information available to
estimate the actual model error and the model error statis-
tics. However, it is impossible to separate the estimation
of model errors from that of observation and background
errors inside a data assimilation system, unless ad hoc
assumptions are made on the magnitude, length-scales
and statistical independence of the respective error covari-
ances (Talagrand, 1999; 2003; Desroziers et al., 2005;
Todling, 2015a). Another aspect of the problem is that a
computationally affordable form of the weak-constraint
4D-Var cost function requires making strong assumptions
on the model error statistics (Trémolet, 2007). The ques-
tion then becomes one about the physical plausibility and
realism of the assumptions employed and the limitations
they impose on the type of model errors that can be esti-
mated and corrected.

New diagnostics have been recently developed to study
the biases present in the IFS atmospheric model used at
European Centre for Medium-Range Weather Forecasts
(ECMWF, 2018). Short model integrations over the assim-
ilation window have been compared to radiosonde tem-
perature measurements. While the systematic difference
between the model and these observations is small in the
troposphere, it increases significantly in the stratosphere
where a cold bias of 0.6 ◦C is observed in the lower/mid
stratosphere and a warm bias of 0.6 ◦C is observed in the
upper stratosphere in the 9 km resolution forecasts (Shep-
herd et al., 2018; Laloyaux et al., 2020). The Global Posi-
tioning System Radio Occultation (GPSRO) is another type
of instrument that can provide high vertical resolution
refractivity profiles, which depend on pressure, temper-
ature and humidity (Healy, 2007). These measurements
are particularly useful because they can be assimilated
without bias correction and they have strong sensitivity
to temperature structures in the stratosphere (Bauer et al.,
2014). Similar systematic differences between the model
and the Radio Occultation (RO) temperature retrievals
have been found, confirming the presence of the cold and
warm biases in the IFS stratosphere. While radiosondes
tend to be mainly located over land in the Northern Hemi-
sphere, RO is a homogeneous observing system which
provides a global coverage with typically 1,900 profiles per
day (September 2019). This allows the study of the spatial
structure of the model biases. It has been found that the
IFS model contains mainly large-scale biases in the strato-
sphere evolving slowly over a seasonal time-scale. On
the contrary, the background errors used in the ECMWF
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assimilation system have typically smaller spatial scales
and evolve on hourly time-scales (Laloyaux et al., 2020).
We have found that this distinct property of the model and
background errors is the key element to attribute errors to
their proper sources.

Following these experimental findings, the operational
ECMWF weak-constraint 4D-Var formulation has been
revised, with the introduction of a model error covariance
matrix whose spectral density is heavily skewed towards
the long length-scales (small wave numbers) relative to
those characteristics of the operational background-error
covariance matrix (Laloyaux et al., 2020). Preliminary
results show that the bias in the stratospheric analysis has
been reduced by up to 50% with the scale separation tech-
nique. The purpose of this paper is to provide a deeper
understanding of those results, and illustrate the poten-
tial and the limits of applicability of the weak-constraint
4D-Var formulation used at ECMWF. This is done through
experimentation in a simplified, controlled testing envi-
ronment, where the true system evolution and all sources
of errors are known.

This article is organised as follows. In Section 2,
the weak-constraint formulation in use at ECMWF
is recalled with a view to highlight the interaction
between model error forcing and initial state analy-
sis. The quasi-geostrophic model used in the numerical
experiments is described in Section 3. The performance
of weak-constraint 4D-Var in its forcing formulation is
assessed in Section 4, where different types of model
and/or background errors are introduced in the assimi-
lation system. The state formulation of weak-constraint
4D-Var is introduced in Section 5 and its behaviour is
compared to and contrasted with that of the forcing for-
mulation under the same error forcing. Conclusions and
further directions of research in the estimation and cor-
rection of model error in 4D-Var are finally presented in
Section 6.

2 WEAK- CONSTRAINT
FORMULATION

The standard 4D-Var formulation assumes that a model
state xk valid at time tk in the assimilation window can be
computed by a model integration from the initial state x0
valid at the beginning of the assimilation window

xk = k,k−1(xk−1) for k = 1, … ,N, (1)

where k,k−1 denotes the model integration from time
tk− 1 to time tk and N is the number of model time
steps in the assimilation window. This formulation is
sometimes called strong-constraint 4D-Var as no errors

are represented in the model integration. With such an
assumption, the cost function can be written as a func-
tion of only the state at the beginning of the assimilation
window

JSC(x0) =
1
2
(x0 − xb

0)
TB−1(x0 − xb

0)

+ 1
2

N∑
k=0

{kk,0(x0) − yk}T

R−1
k {kk,0(x0) − yk}, (2)

where xb
0 is the background state, a prior estimate of the

initial condition, yk is the observation vector at time tk
and k is the observation operator mapping the model
state in the observation space. The background and obser-
vation covariance matrices are represented by B and Rk
respectively. For linear model and observation operators,
the initial state x0 that minimises this functional is found
by imposing the zero-gradient condition

∇JSC(x0) = B−1(x0 − xb
0) +

N∑
k=0

MT
k,0HT

k R−1
k

× {HkMk,0(x0 − xb
0) + HkMk,0xb

0 − yk} = 0,
(3)

where Mk, 0 and Hk are the tangent linear models of the
nonlinear model k,0 and the observation operator k
respectively.

The solution of this equation leads to the standard
Kalman Filter analysis update (Humpherys et al., 2012)

x0 = xb
0 +

(
B−1 +

N∑
k=0

MT
k,0HT

k R−1
k HkMk,0

)−1

×
N∑

k=0
MT

k,0HT
k R−1

k (yk − HkMk,0xb
0). (4)

For nonlinear models and observation operators, the
solution to (2) is obtained recursively by linearising the
operators around progressively more accurate guess solu-
tions following the Gauss–Newton algorithm (Courtier
et al., 1994). In the forcing formulation of weak-constraint
4D-Var (Fisher et al., 2011), the perfect model assumption
(1) is relaxed and an unknown forcing 𝜂 is introduced to
represent the error which gradually enters into the model
trajectory

xk = k,k−1(xk−1) + 𝜂 for k = 1, … ,N. (5)

In this paper, the model error forcing is assumed to
be additive and constant within the assimilation win-
dow. We also assume that the model error 𝜂 follows a
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Gaussian distribution with no cross-correlation with the
background error. This set of rather stringent assumptions
ensures that there is no significant interaction between
background and model errors in the data assimilation sys-
tem. This has been verified in the stratospheric part of the
IFS model where model error is mainly large-scale evolv-
ing slowly over a seasonal time-scale and background error
is typically small-scale (Laloyaux et al., 2020). From these
assumptions, we can write the weak-constraint 4D-Var
cost function as

JWC(x0, 𝜼) =
1
2
(x0 − xb

0)
TB−1(x0 − xb

0)

+ 1
2

N∑
k=0

{k(xk) − yk}TR−1
k {k(xk) − yk}

+ 1
2
(𝜼 − 𝜼

b)TQ−1(𝜼 − 𝜼
b), (6)

where 𝜼b is the prior estimate of the model forcing and Q is
the model error covariance matrix. This "forcing" formula-
tion of weak-constraint 4D-Var estimates simultaneously
the initial state x0 and model forcing 𝜼 that best fit the
observations and the background information with respect
to their error covariance matrices. To carry the information
forward in time to the next assimilation window, the ini-
tial condition x0 is integrated using the model equation (5)
and the current estimate of the model bias 𝜂 is defined
as the background model error 𝜂b in the next assimilation
window.

We have seen how the strong-constraint cost func-
tion leads to the standard Kalman Filter analysis update
equation (4) in the linear case. To simplify the derivation
for the weak-constraint case, but without loss of general-
ity, we consider only one time step in the model integration
from t0 to t1, with observations available at time t0 and
t1. Assuming that the model and observation operators
are linear, we introduce the following notations following
Fisher et al., (2011)

x =

[
x0

x1

]
, p =

[
x0

𝜂

]
, y =

[
y0

y1

]
, (7)

p = Lx =

[
I 0

−M1,0 I

]
x, (8)

x = L−1p =

[
I 0

M1,0 I

]
p, (9)

D =

[
B 0
0 Q

]
, R =

[
R0 0
0 R1

]
, H =

[
H0 0
0 H1

]
. (10)

The control vectors x or p can be used to fully char-
acterise any model trajectory. The change of variable L

expresses the relationship between the four-dimensional
state and the vector consisting of the initial state and the
model error corrections. The linearized weak-constraint
cost function (6) can be written as

JWC(p) =
1
2
(p − pb)TD−1(p − pb)

+ 1
2
(HL−1p − y)TR−1(HL−1p − y), (11)

where pb = (xb
0, 𝜂

b)T is the background of the new con-
trol space. Following a similar approach to what has been
done in the strong-constraint case, the minimum of this
functional can be found by setting its gradient to zero:

∇JWC(p) = D−1(p − pb) + L−THTR−1(HL−1p − y)
= 0, (12)

which is equivalent to solving the following set of coupled
equations in the (x0, 𝜂)T control space:

x0 = xb
0 +

[
B−1 +

1∑
k=0

MT
k,0HT

k R−1
k HkMk,0

]−1

× [HT
0 R−1

0 (y0 − H0xb
0) + MT

1,0HT
1 R−1

1

{y1 − H1(M1,0xb
0 + 𝜂)}], (13)

𝜂 = 𝜂b +(Q−1 +HT
1 R−1

1 H1)−1HT
1 R−1

1 {y1 −H1(M1,0x0 +𝜂b)}.
(14)

In the absence of model error (𝜂 = 0), (13) reduces to
the strong-constraint analysis (4). In the state update (13),
the introduction of a model error term can be seen to be
analogous to applying a forcing term to the model inte-
gration. The form of the model error update (14) suggests
that the model error covariance matrix Q performs for
the model error update a similar role to the one played
by the background-error covariance matrix B in the state
update. They both determine how information is spread in
the vertical and horizontal directions in space and hence
the importance of the prior estimates (Bannister, 2008).
If the background error and the model error have similar
length-scales, the form of the coupled equations (13–14)
suggests that the information from observations at the end
of the assimilation window will be split into a state and a
model error correction whose magnitude will be inversely
proportional to the magnitude of their respective error
covariances. In this situation, initial state corrections can
potentially be aliased into model error corrections and vice
versa. To disentangle the two, apart from accurate esti-
mates of both error covariances B−1 and Q−1, it would
be necessary to extend the weak-constraint cost function
(6) to explicitly take the cross-covariance between back-
ground and model error into account. Given the intrinsic
entanglement of background and model error estimates
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(Todling, 2015a), this appears difficult to achieve. (13)–(14)
have been derived by Sakov et al., (2018) for the one-lag
smoother and by Fillion et al., (2020) for the L-lag
smoother where they proved that these equations are valid
for any nonlinear evolution model (only the observation
operators need to be linear or linearised).

A way to disentangle the effects of different error
sources in the state update (13) and the model error
update (14) is by enforcing scale separation. This can be
achieved by restricting the model error covariance matrix
to represent errors on length-scales where the spectral
energy density of background errors is small. In this case
the assumption of uncorrelated background and model
errors becomes more realistic. In practice, this results in
small-scale adjustment being done in the state update (13)
and large-scale modification in the model error update
(14).

3 QG MODEL

The experimental results presented in this paper were
obtained using a simple two-layer quasi-geostrophic chan-
nel model based on the equations of Fandry and Leslie
(1984). The model captures the main dynamical processes
that characterise extratropical geophysical flow, and is
of sufficient size and complexity to provide a convinc-
ing demonstration of the data assimilation algorithms to
which it is applied (Fisher and Gürol, 2017). Mean growth
of perturbation energy is roughly comparable with current
NWP models (Simmons and Hollingsworth, 2002; Snyder
et al., 2003) and a relative nonlinearity measure shows
that the quasi-geostrophic model is slightly less nonlinear
than an NWP model, having a longer duration of the lin-
ear regime before nonlinearities dominate the evolution
(Gilmour et al., 2001; Fisher and Gürol, 2017).

The equations of the model are expressed in terms of
non-dimensional quasi-geostrophic potential vorticity for
two well-mixed layers of constant potential temperature
(Pedlosky, 1979). The layers are labelled with subscripts 1
and 2, with 1 denoting the upper layer:

q1 = ∇2𝜓1 − F1(𝜓1 − 𝜓2) + 𝛽y,

q2 = ∇2𝜓2 − F2(𝜓2 − 𝜓1) + 𝛽y + Rs, (15)

where 𝜓 denotes streamfunction, ∇2 is
the two-dimensional Laplacian, 𝛽 is the
(non-dimensionalised) northward derivative of the Corio-
lis parameter, y is the vertical coordinate and Rs represents
orography or heating. The parameters F1 and F2 serve
to couple the layers together, and are defined below.
The equations of motion correspond to conservation of

potential vorticity

Dq1

Dt
=

Dq2

Dt
= 0. (16)

Denoting dimensional time, spatial coordinates and
velocities with tildes, the non-dimensionalisation is
defined as

t = t̃ U
L
, x = x̃

L
, y =

ỹ
L
,

u = ũ
U
, v = ṽ

U
, 𝛽 = 𝛽0

L2

U
,

F1 =
f 2
0 L2

D1gΔ𝜃∕𝜃
, F2 =

f 2
0 L2

D2gΔ𝜃∕𝜃
, (17)

where L and U represent typical length and velocity, D1
and D2 are the depths of the two layers, g is the accel-
eration due to gravity, f 0 is the Coriolis parameter at the
southern boundary of the domain, and 𝛽0 is its northward
derivative. The mean potential temperature is 𝜃, and the
difference in potential temperature across the layer inter-
face is Δ𝜃. For all the experiments described here, we
have set L= 106 m, U = 10m⋅s−1, f0 = 10−4s−1, 𝛽0 = 1.5 ×
10−11s−1 ⋅ m−1 andΔ𝜃∕𝜃 = 0.1. The layer depths have been
set to D1 = 6, 000 m and D2 = 4, 000 m. For this choice of
parameters, the Rossby number is 𝜖 = U∕(f0L) = 0.1.

The solution algorithm for the model was designed
for speed, stability and convenience rather than for accu-
racy or conservation. Time stepping consists of a simple
first-order, upstream, semi-Lagrangian advection of poten-
tial vorticity. Interpolation of the upstream potential vor-
ticity is bi-cubic, with advection from outside the domain
handled by assuming the potential vorticity outside the
domain to be equal to its value at the nearest bound-
ary. Values of potential vorticity along the northern and
southern boundaries are supplied by the user. The advect-
ing wind is determined by inverting the potential vor-
ticity equations to determine the streamfunction at each
grid point, followed by centred finite-difference approxi-
mation of u = −𝜕𝜓∕𝜕y, v = 𝜕𝜓∕𝜕x. A standard five-point
finite-difference approximation of the Laplacian operator
is used.

The equations are solved on a domain that is cyclic
in the zonal direction. This allows the potential vorticity
equations to be decoupled into independent equations for
each zonal wavenumber, which can be solved using stan-
dard direct techniques. The meridional wind component
is zero on the northern and southern boundaries, and the
streamfunction on these boundaries is a user-defined con-
stant for each layer which fixes the mean zonal wind in
each layer. For the experiments described in this paper, the
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(dimensional) mean wind was 40 m⋅s−1 in the upper layer
and 10 m⋅s−1 in the lower layer. The domain for the experi-
ments described here was 12, 000 km by 6, 300 km, and for
each layer was discretised into horizontal grids of 40× 20
points. The dimension of the state vector of the model is
thus 1,600. The symmetry of the model is broken by plac-
ing a Gaussian hill centred on the point (10, 15), with a
(dimensional) height of 2, 000 m and an e-folding width of
1, 000 km.

4 EXPERIMENTS

We have shown in Section 2 that for the linear case min-
imising weak-constraint 4D-Var (6) is equivalent to solving
the equations for the state update (13) and the model error
update (14). As these equations are coupled through the
initial condition x0 and the model error forcing 𝜂, there
is a risk that the state increment will be aliased into a
model error correction and vice versa. The purpose of
this paper is to carry out numerical experiments with the
quasi-geostrophic model to understand the necessary con-
ditions for weak-constraint 4D-Var to attribute model and
background errors to the correct source.

The twin experiment framework is chosen for the
numerical experiments to compare the ability of each
method to retrieve the true model state. In this framework,
synthetic observations are assimilated and the true model
state is known at any time. The model is integrated from
a horizontally uniform wind in each layer with a vertical
shear. As the orography is non-zero and is not symmetri-
cally placed in the domain, this is sufficient to generate
a non-trivial flow after a few days of integration. All the
experiments are based on the same initial true state xt

0
which has been selected after 15 days of integration. They
assimilate synthetic observations that have been generated
from the true trajectory adding a white Gaussian noise.
The control vector consisting of the values of the stream-
function 𝜓 at every grid point is partially observed every
2 hr (except at the initial time) over the 24-hr assimilation
window. At each observation time, 50 locations are ran-
domly selected among the 1,600 grid points of the control
vector to replicate the homogeneous coverage provided
by satellite soundings in the stratosphere. In this configu-
ration, the total number of observations per assimilation
cycle is N = 600. A perturbation following a Gaussian dis-
tribution with a mean of zero and a (non-dimensional)
standard deviation of 0.2 is added to the streamfunction
observations to introduce observation errors in the assim-
ilation system. The observation covariance matrix R is
specified using the actual value of the perturbation stan-
dard deviation. In the first set of experiments presented in
Section 4.1, 4.2 and 4.3, we assume that the observations

are not biased or that the biases in the observations have
been already corrected by an offline technique. A bias
in the observations is introduced in Section 4.4 to illus-
trate the behaviour of weak-constraint 4D-Var when the
observation systematic error has not been accounted for.

Different options are available to introduce an error in
the model integration. The simplest one is to change the
model time-step and the layer depths to mimic errors due
to deficiencies in physical parametrizations, limited spa-
tial resolution, and time-stepping errors (Fisher and Gürol,
2017). In this approach, the error is introduced implicitly
by changing some model parameters and the statistical
properties of the model errors cannot be explicitly spec-
ified. Another method is used in this paper to introduce
model error explicitly. In the quasi-geostrophic model,
error covariance matrices have isotropic, homogeneous
correlations in the horizontal, with Gaussian spatial struc-
ture, and with spatially constant vertical correlation. They
are fully characterised by their standard deviation 𝜎, hor-
izontal correlation ch and vertical correlation cv lengths.
The model error 𝜂 is prescribed by multiplying the square
root of an error covariance matrix with a random con-
trol vector drawn from a Gaussian distribution of zero
mean and unit variance. The model error is then intro-
duced explicitly as an additive forcing following the model
equations (5). This approach is more interesting for diag-
nosing weak-constraint 4D-Var performance as it makes it
easier to compare the estimated model error with the true
model error introduced in the system.

NWP assimilation system ingesting observations
over data-dense areas tends to have background errors
with small length-scales. This can be observed in the
20th-century reanalysis CERA-20C (Laloyaux et al., 2018)
where the variational Ensemble Data Assimilation that
computes the background-error covariance matrix reacts
to the observation coverage (Bonavita et al., 2016). The
sparse observation coverage at the beginning of the cen-
tury means that the background error contains large
scales, while the denser observation network at the end of
the century allows small-scale adjustments. As a relatively
dense, homogeneous observing system is assimilated
in the quasi-geostrophic model, the parameters of the
background-error covariance matrix have been chosen to
contain small scales by setting ch = 0.6× 106, cv = 0.2 and
𝜎B = 0.8. This B matrix is fixed in all the experiments. The
background standard deviation is larger than the observa-
tion standard deviation to mimic the ECMWF operational
system where the stratospheric temperature background
error is larger than the observation error from the RO
bending-angle measurements. Two different covariance
matrices of model error have been defined, one contain-
ing small-scale patterns Qs (ch = 0.6× 106 and cv = 0.2)
similar to B, and one containing large-scale patterns Ql
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F I G U R E 1 A realisation of the model error forcing obtained
with (a) Qs and (b) Ql for the streamfunction of the model upper
layer

(ch = 1.6× 106 and cv = 0.8). The model error forcing is
applied at every model time step over the 24-hr assimila-
tion window (144 time steps of 10,min). To give the same
weight to the background and model errors, the standard
deviation of the model error covariance matrix is given by
𝜎Q = 𝜎B∕144 = 0.005555. The choice of parameters and
the effect on the length-scale are summarised in Table 1.

An ensemble of model error forcing of mean zero and
covariance Ql or Qs is constructed by multiplying the
square root of these matrices by random vectors generated
from a normal distribution with a mean of zero and stan-
dard deviation of 1. Figure 1 shows one realisation of the
model error forcing obtained with (a) Qs and (b) Ql for the
streamfunction of the model upper layer. This illustrates
the effect of the horizontal correlation parameter ch that
produces small- or large-scale model errors.

In this work, the performance of weak-constraint
4D-Var is assessed using twin experiments where model
errors and/or background errors are introduced with the
statistics defined in Table 1. Model errors and/or back-
ground errors are applied to compute the true trajectory

used to create the observations. Weak-constraint 4D-Var
is assessed by measuring how much of the actual error
introduced in the system is recovered by the assimilation
method. To study how the method converges towards the
true trajectory over time, the assimilation system is cycled
over 30 days with a 24-hr window. The error covariance
matrices B and Q are kept constant over time. To obtain
statistically significant results, each experiment has been
repeated 100 times with different realisations of the model
error and/or background error.

4.1 Model error

We study in this section how weak-constraint 4D-Var can
estimate a model error introduced in the system when
the initial background is perfect. The true trajectory of
the twin experiment is generated by the model which is
initialised from xt

0 and integrated over 30 days where a con-
stant model error 𝜂t is added at every model time step. The
streamfunction observations are generated from the true
trajectory adding a random noise 𝜖t

o of mean zero and stan-
dard deviation 0.2. This is summarised in the following
equations.

True Model
x0 = xt

0,

xk = k,k−1(xk−1) + 𝜂t for k = 1, … ,N,
Observations

yk = kxx + 𝜖t
o for k = 1, … ,N.

(18)

The prescribed true model error 𝜂t is drawn from a nor-
mal distribution of mean zero and of either covariance Ql
(containing large scales) or Qs (containing small scales).
In all the experiments, the model error covariance matrix
specified in weak-constraint 4D-Var (6) is consistent with
the one used to produce the true model error. Parameters
used to define background- and observation-error covari-
ance matrices are summarised in Table 1. The assimilation

Covariance
matrix

Standard
deviation (𝝈)

Horizontal
correlation (ch)

Vertical
correlation (cv) Scales

B 0.8 0.6× 106 0.2 Short

Qs 0.005555 0.6× 106 0.2 Short

Ql 0.005555 1.6× 106 0.8 Long

Qki
0.8 1.6× 106 0.8 Long

R 0.2 0.0 0.0 Grid point

Note: The model error standard deviation in Qs and Ql is obtained by dividing the background standard
deviation by the number of time steps in the assimilation window (144).

T A B L E 1 Standard deviation,
horizontal correlation and vertical
correlation parameters specified in the
error covariance matrices
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F I G U R E 2 Model error estimated by weak-constraint 4D-Var
after 30 assimilation cycles (a) without scale separation and (b) with
scale separation. The circles represent the observation locations for
the last assimilation window and their colour represents the analysis
departure [Colour figure can be viewed at wileyonlinelibrary.com]

experiment starts from a perfect model state background
xb = xt

0 and from a zero background model error 𝜂b = 0.
A first assimilation experiment is run where the true

model error is the one plotted in Figure 1a and drawn
from Qs. In this configuration, weak-constraint 4D-Var has
the same scales in Q=Qs and B since both covariance
matrices used the same set of parameters to specify hori-
zontal and vertical correlations. Figure 2a shows the model
error estimated by weak-constraint 4D-Var after 30 assim-
ilation cycles. The markers correspond to the location of
the observations for the last cycle and their colour repre-
sents the analysis departure (observation minus analysis).
A qualitative comparison with the true model error plot-
ted in Figure 1a shows that the estimation of the model
error is poor. The very large analysis departure values over
the whole domain (RMS departure of 2.4) reveals that the
state estimate is also inaccurate. Weak-constraint 4D-Var
struggles to attribute correctly the source of error when
B and Q have similar scales, as a significant part of the
model error is corrected by changing the model initial
condition. A second assimilation experiment is run where
the true model error is the one plotted in Figure 1b and
drawn from Ql. The same assimilation problem has been
solved but this time-scale separation between background
and model error is present as Q=Ql contains large scales
and B contains small scales. The model error estimated
by weak-constraint 4D-Var is plotted in Figure 2b. It cap-
tures the correct structure and amplitude of the true model
error shown in Figure 1b. Analysis departures are very
small (RMS departure of 0.19) and this shows that only the
system with scale separation fits the observations closely.

F I G U R E 3 Timeseries of the RMSE of (a) the model state
analysis and (b) the model error estimate for weak-constraint
4D-Var with scale separation (blue) and without (green) when a
systematic error has been introduced in the model equations. RMSE
has been averaged over 100 experiments using different realisations
of the model error drawn from Qs or Ql [Colour figure can be
viewed at wileyonlinelibrary.com]

To get results that are statistically significant, these
two experiments are repeated 100 times using different
realisations of the model error drawn from Qs or Ql.
The performance of each configuration is summarised in
Figure 3 where the evolution of the Root-Mean-Square
Error (RMSE) of the model state analysis (a) and of the
model error estimate (b) is averaged over the 100 experi-
ments. Weak-constraint 4D-Var with scale separation (blue
lines) converges towards the true model state and model
error. The norm of the initial state increment (not shown)
is kept small and decreases over time which means that
weak-constraint 4D-Var correctly attributes the error to the
model and not to the background. The situation is different
when model and background errors have the same scales
(green lines); the estimation of the model error is poor and
its error increases over time. Weak-constraint 4D-Var with
no scale separation generates large initial state increments
which demonstrates that the two types of correction are
fighting each other as the attribution has not been done
properly.

The fit to the assimilated observations can be used as
another metric to look at the performance of each configu-
ration. Figure 4 shows the background (dotted) and analy-
sis (solid) RMS departures computed at every observation
time (2 hr) over the 30 assimilation windows and aver-
aged for the 100 experiments. This plot confirms the results
presented in Figure 2, as only weak-constraint 4D-Var
with scale separation correctly fits the observations. The
first-guess trajectory used to compute the background

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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F I G U R E 4 Timeseries of the background (dotted) and
analysis (solid) RMS departures computed at every observation time
(2 hr) over the 30 assimilation windows and averaged for the 100
experiments. Weak-constraint 4D-Var with scale separation is in
blue and without scale separation is in green. [Colour figure can be
viewed at wileyonlinelibrary.com]

departure is corrected using the model error estimate
from the previous assimilation (the model error estimate
is cycled). In the scale separation case, the background
departures are getting smaller over the assimilation cycles,
which shows that the estimation of the model error com-
puted by weak-constraint 4D-Var is converging towards
the true model error. One can see that the background (dot-
ted) and the analysis (solid) departures are increasing over
time within each assimilation window. This behaviour
is expected as the model error is additive in the model
equations (5).

The observations that have been assimilated in all the
experiments so far are distributed randomly in space. This
tends to generate a spatially homogeneous distribution
which is reminiscent of the type of observation coverage
produced by current satellite sounders in the stratosphere.
Observations are more heterogeneous in the troposphere,
being relative sparse over ocean areas and denser over
land. Large inhomogeneities in observation coverage maps
also appear around airports where an enormous number
of measurements come from all the aircraft landing or
taking off. Therefore, it is important to understand how
weak-constraint 4D-Var with scale separation can perform
with heterogeneous observations distributions. To answer
this question, a new set of experiments is carried out where
the observing system is changed to mimic the type of
dense but localised coverage we would get if an airport
was located in the middle of the domain. More precisely,
observations are still available every 2 hr, but they are only
available in a small circle for the bottom layer. The markers

F I G U R E 5 Correlation between the model error estimated
by weak-constraint 4D-Var with scale separation and the true model
error when observations are available only in a small circle for the
bottom layer, for the (a) upper and (b) lower layers. Correlation is
computed after 30 days and averaged over 100 experiments using
different realisations of the model error drawn from Ql [Colour
figure can be viewed at wileyonlinelibrary.com]

in Figure 5 represent the assimilated observations and the
contours shows the correlation between the model error
estimated by weak-constraint 4D-Var with scale separation
and the true model error drawn from Ql. High correlations
are located in the vicinity of the observations and spread
horizontally and vertically thanks to the correlations spec-
ified in Q. It shows that weak-constraint 4D-Var with scale
separation can only estimate the model error where obser-
vations are available. Although this may well appear to be
an obvious conclusion, it has significant consequences for
implementation in an operational NWP system. Correct-
ing the model bias only over some areas will generate an
unrealistic analysis. This is another reason for restricting
weak-constraint 4D-Var in the stratosphere which is more
homogeneously observed than the troposphere (Trémolet
and Fisher, 2010).

4.2 Background error

Diagnosing the systematic errors of a model is not straight-
forward and it is likely that weak-constraint 4D-Var has to
estimate a bias that is present only for some physical vari-
ables, for some pressure levels or over some geographic
areas. It is important to verify whether weak-constraint
4D-Var does not estimate a spurious model error forcing
when the model has no bias. In this context, the perfor-
mance of weak-constraint 4D-Var has been assessed when

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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F I G U R E 6 Timeseries of the RMSE of (a) the model state
analysis and (b) the model error estimate for weak-constraint
4D-Var with scale separation (blue) and without (green) when a
background error has been introduced. RMSE has been averaged
over 100 experiments using different realisations of the background
error drawn from B [Colour figure can be viewed at
wileyonlinelibrary.com]

no model error is introduced but a background error 𝜖t
b is

added to the perfect initial state xt
0 valid at the initial time

of the experiment.

True Model
x0 = xt

0 + 𝜖
t
b,

xk = k,k−1(xk−1) for k = 1, … ,N,
Observations
yk = kxx + 𝜖t

o for k = 1, … ,N.

(19)

The background error 𝜖t
b is drawn from a normal distribu-

tion of mean zero and of covariance B which means that it
contains small scales. Weak-constraint 4D-Var with scale
separation (Q= Ql) and without scale separation (Q= Qs)
was run over 100 experiments using different realisations
of the background error. Figure 6 shows the evolution of
the RMSE of the model state analysis (a) and of the model
error estimate (b), averaged over the 100 experiments. The
two configurations of weak-constraint 4D-Var fit the obser-
vations by changing the initial state and produce a small
model error estimate. The scale separation formulation
performs slightly better, having a model error estimate
closer to zero.

4.3 Model and background error

In real-world applications, model and background error
are present at the same time. To study this situation,

F I G U R E 7 Timeseries of the RMSE of (a) the model state
analysis and (b) the model error estimate for weak-constraint 4D-Var
with scale separation (blue) and without (green) when model and
background errors have been introduced. RMSE has been averaged
over 100 experiments using different realisations of the background
error drawn from B and of the model error drawn from Qs or Ql.
Results from Figure 3 are plotted as dashed lines to help the
comparison [Colour figure can be viewed at wileyonlinelibrary.com]

100 experiments have been set up where the back-
ground error 𝜖t

b is drawn from a normal distribution
of mean zero and covariance B and where the model
error 𝜂t is drawn from a normal distribution of mean
zero and either covariance Ql or Qs depending whether
scale separation is enforced or not. This configuration is
summarised as

True Model
x0 = xt

0 + 𝜖
t
b,

xk = k,k−1(xk−1) + 𝜂t for k = 1, … ,N,
Observations
yk = kxx + 𝜖t

o for k = 1, … ,N.

(20)

These experiments are essentially summing up what we
found when model and background errors were intro-
duced separately. Figure 7 shows the evolution of the
RMSE of the model state analysis (a) and of the model error
estimate (b), averaged over the 100 experiments. Results
from Figure 3 where only model error was introduced are
plotted as dashed lines to highlight the effect of adding the
initial background error in the system. One can see that
scale separation is the only configuration that converges
towards the true model state. The initial background error
is slightly increasing the RMSE over the first few cycles but
has no significant impact on the asymptotic effectiveness
of the method.

http://wileyonlinelibrary.com
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F I G U R E 8 Histograms of observation, background and analysis errors over the assimilation window have been plotted for (a, c)
strong-constraint 4D-Var and (b, d) weak-constraint 4D-Var with scale separation when (a, b) unbiased observations and (c, d) biased
observations are asimilated. These are computed for one assimilation experiment and one assimilation cycle where model error from a
normal distribution of mean zero and of covariance Ql is introduced [Colour figure can be viewed at wileyonlinelibrary.com]

4.4 Biased observations

The importance for weak-constraint 4D-Var to have unbi-
ased observations is discussed in this section. In the pre-
vious experiments, the distributions of the observation
error were unbiased, following a normal law of mean
zero and of standard deviation 0.2. In that situation, it
has been showed that weak-constraint 4D-Var with scale
separation can detect the presence of model biases, and
estimate and correct for them in the assimilation cycle.
This model error estimation reduces the systematic drift
in the model trajectory and produces an analysis with
smaller errors. This is summarised in Figure 8a, b where
the histograms of observation, background and analysis
errors have been plotted for strong-constraint 4D-Var (a)

and weak-constraint 4D-Var with scale separation (b).
The statistics are computed over one assimilation window
of one experiment and are representative of the overall
behaviour.

The background error, computed as the difference
between the first-guess trajectory and the true trajec-
tory, exhibits a bias due to the error introduced in the
model equations at every time step. Scale separation
correctly estimates the model systematic error and pro-
duces an analysis with a much smaller bias (–0.06).
Strong-constraint 4D-Var struggles to fit the observations
by correcting only the initial condition, and the final anal-
ysis is biased with a mean error of 0.33. The good per-
formance of weak-constraint 4D-Var with scale separation
is partly due the unbiased observations. This important

http://wileyonlinelibrary.com


12 LALOYAUX et al.

property helps weak-constraint 4D-Var to correct for the
systematic error in the model and to produce an unbiased
analysis.

In this last type of experiment, a bias 𝜇t
o is introduced

when the observations are created from the true trajectory:

True Model
x0 = xt

0 + 𝜖
t
b,

xk = k,k−1(xk−1) + 𝜂t for k = 1, … ,N,
Observations
yk = kxx + 𝜖t

o + 𝜇t
o for k = 1, … ,N.

(21)

This observation bias is constant and equal to 5 which
means that the observation error this time follows a nor-
mal distribution of mean 5 and of standard deviation 0.2.
Figure 8c, d shows the results of the same experiment
where a bias is added to the observations. Weak-constraint
4D-Var produces an analysis with a significant bias of 4.9
and a small standard deviation value of 0.32. The sys-
tematic error added to create the observations is absorbed
in the model error estimation. The analysis from the
strong-constraint 4D-Var is also biased but the standard
deviation is larger with a value of 0.63. This example
shows that it might be safer to use strong-constraint
4D-Var if observations contain a significant systematic
error that has not been accounted for by an observation
bias-correction scheme (Auligné et al., 2007). If this is not
done, weak-constraint 4D-Var will produce an analysis
that will tend to reinforce the observation bias.

The number of degrees of freedom is larger in
weak-constraint 4D-Var since both the initial conditions
and the model error forcing can be corrected to fit the
observations. The method fundamentally relies on the
availability of unbiased observations to correctly attribute
the sources of the errors. Variational Bias Correction
(VarBC) has been developed at ECMWF to remove the
observation biases in NWP and reanalysis (Dee and
Uppala, 2009). This method requires a certain amount
of anchoring information from independent observations
(currently RO and radiosondes in the IFS) to remove
the systematic errors of satellite radiances and other
data. Bias-corrected observations can then be used by
weak-constraint 4D-Var to disentangle background and
model errors. However, the model error estimates can
affect the variational bias corrections in a feedback loop.
The importance of anchoring data – accurate observations
that do not require bias-correction – is therefore evident
to ensure the good behaviour of weak-constraint 4D-Var
(Eyre, 2016). How much and what kind of anchoring infor-
mation is needed is still an open question which will be
investigated in the future.

5 4D-STATE FORMULATION

Solving the four-dimensional weak-constraint 4D-Var
problem is not practically possible without introducing
some approximations. In Section 2, the model error term
𝜂 introduced in the model evolution equation (5) was
assumed to be additive and constant within the assimi-
lation window. These assumptions reduce the size of the
four-dimensional problem as any model trajectory can be
described from an initial state and a model error forcing.
Trémolet (2006) describes another weak-constraint 4D-Var
formulation where the control variable is defined as the
model state at the start of several intervals in the assim-
ilation window. Within each interval, or subwindow, the
forecast model is used to define the state. This is another
partial reduction of the size of the weak-constraint 4D-Var
control variable where the model is used as a strong con-
straint between the times when the components of the
control variable are defined. The control variable is defined
at m regularly spaced times in addition to the initial time.
To fix the notations, the assimilation window is split into
regular intervals of p time steps each, starting at steps
{ki = i× p}i= 0, … , m. The cost function becomes

JWC(x0, x1, … , xm) =
1
2
(x0 − xb

0)
TB−1(x0 − xb

0)

+ 1
2

m∑
i=0

p−1∑
j=0

{ki+jki+j,ki(xki ) − yki+j}TR−1
ki+j

{ki+jki+j,ki (xki) − yki+j}

+ 1
2

m∑
i=1

{xki −ki,ki−1 (xki−1)}
TQ−1

ki
{xki −ki,ki−1 (xki−1)}.

(22)

This expression of the cost function is slightly more
complicated than with the forcing formulation of Section
2 but can still be computed without difficulties. With
one subwindow (m= 0, p=N), the control variable
reduces to the initial condition and this expression is
the strong-constraint 4D-Var cost function defined in (2).
When the control variable is defined at every step (m=n,
p= 1), this expression is the full 4D-state weak-constraint
cost function where the control vector consists of the
four-dimensional state at every model time step. Note
that an algebraically equivalent forcing formulation can
be achieved by using a model error forcing term 𝜂 which
varies with the model time step.

This 4D-state formulation is now assessed in the
quasi-geostrophic model where the true state trajectory is
computed following the equations (18) where a constant
model error forcing is introduced. The model error forcing
is drawn from a normal distribution of mean zero and of
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F I G U R E 9 Timeseries of the RMSE of the model state
background (dotted) and analysis (solid) for a 24-hr assimilation
window divided into 12 subwindows (red) and for a 4-hr
assimilation window divided into 2 subwindows (black). RMSE has
been averaged over 100 experiments using different realisations of
the model error drawn from Ql. The RMSE of the model state
analysis shown in Figure 3a (blue solid line) is plotted for
comparison [Colour figure can be viewed at wileyonlinelibrary.com]

covariance matrix Ql and the experiment is repeated 100
times using different realisations of the model error to get
statistically significant results. The horizontal correlation
is set to 1.6× 106 and the vertical correlation is set to 0.8
in all the model error covariance matrices Qki

that have to
be specified. Since the subwindow formulation computes
correction at a given time and not as a forcing, the standard
deviation in Qki

is set to 0.8. No background error is intro-
duced at the initial time of the system and B is therefore
defined the same way as Qki

.
A first configuration of the 4D-state formulation is con-

sidered where the 24-hr assimilation is divided into 12 sub-
windows of 2 hr. Figure 9 shows in red the evolution of the
RMSE of the model state background (dotted) and analysis
(solid), averaged over the 100 experiments. RMSE is com-
puted at the beginning of each subwindow using the true
trajectory as a reference. Focusing on the first assimilation
cycle, the assimilation method has significantly reduced
the RMSE over the whole window, producing an analysis
trajectory that fits the observations. However, information
about model error gained during the assimilation is not
cycled in the 4D-state formulation and the RMSE in the
next first-guess trajectory is large because the model evo-
lution is not corrected. This leads to growing values of
RMS errors which do not appear to saturate over the test
period.

One strategy to prevent a large error developing dur-
ing the first-guess trajectory is to reduce the length of the

assimilation window. A new set of experiments is carried
out where the assimilation window is set to 4 hr with two
subwindows of 2 hr. The analysis and background RMSE
are represented in black in Figure 9 and show that the
4D-state formulation performs better with this configura-
tion. This subwindows formulation can be compared to
the weak-constraint formulation with scale separation pre-
sented in Section 4. To facilitate the comparison, the RMSE
of the model state analysis shown in Figure 3a (blue solid
line) is plotted again in Figure 9. The 4D-state formulation
reveals a slightly larger RMSE which could be explained
principally by two reasons. The model error introduced in
the system is constant and additive following the model
equations (5). This gives an advantage to weak-constraint
4D-Var with scale separation as this assumption has been
made to derive the formulation, while the 4D-state formu-
lation could estimate a model error that is time-varying
over the assimilation window. Furthermore, the choice for
the background-error covariance matrix B and the model
error covariance matrices Qki

in the 4D-state formulation
are probably suboptimal. The analysis quality is sensi-
tive to their specification, but it appears cumbersome and
impractical to estimate optimal correlation length-scales
and standard deviations at the different subwindow times.
Several sets of parameters for the standard deviation and
the horizontal correlation of the covariance matrices have
been tested and we have presented the results from the one
giving the best results.

Emili et al., (2016) proposed a diagnostic to retrieve
the accumulated model error information by looking at
the differences between the analysis at time tk and the
propagated analysis from time t0 to tk:

�̃�k = xa
k −k,0 (xa

0). (23)

Introducing ea
k as the analysis error at time tk, they

found the approximation

�̃�k ≈ ea
k −

k−1∏
𝓁=0

M𝓁+1,𝓁 ea
0 + 𝜂

k +
k−1∑
j=1

k∏
𝓁=j+1

M𝓁,𝓁−1 𝜂
j. (24)

If the difference on the analysis error is small (the first
two terms), the quantity �̃�k represents the contributions of
the model error on the 4D-state accumulated through the
preceding subwindows. This information can then be car-
ried to the next cycle if the model error is assumed to be
constant.

Fisher et al., (2011) presented the idea of overlap-
ping assimilation windows as another way to advance the
assimilation system forward in time. For each cycle, the
analysis window is advanced by a fraction of the win-
dow length, resulting in an overlap between consecutive

http://wileyonlinelibrary.com
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analysis windows. The overlap of the assimilation win-
dows allows the initial linearisation trajectory for each
analysis cycle to be constructed from the overlapping
section of the preceding analysis, with only the final part
of the linearisation trajectory generated from a forecast.
In the overlapping portion of the analysis window, the
current and preceding analyses are likely to be similar.
As a consequence, analysis increments will be small and
the linearisation will be accurate throughout the analy-
sis window. Although the overlapping technique might
be considerably more computationally expensive, Fisher
et al., (2011) showed the potential of this approach as
the 24-hr 4D-Var with 12-hr overlapping outperforms the
standard 12-hr 4D-Var in a reanalysis experiment assimi-
lating only surface pressure observations. (Note however
that their implementation is not statistically consistent,
as is apparent from figure 21 of Fisher et al., 2011.) This
cycling technique could be investigated in the subwindow
formulation as a way to increase the window length.

6 SUMMARY AND CONCLUSIONS

Inaccuracies in the model formulation and external forc-
ings can produce systematic errors in the model forecast
that also affect the analysis cycle. Assimilation algorithms
should be able to estimate (or “learn", as it has become
more fashionable to say) these model biases and use the
information to adjust subsequent model trajectories. This
paper studies under which conditions weak-constraint
4D-Var is able to perform this task.

We have shown that minimising the weak-constraint
4D-Var cost function is equivalent to solving a set of cou-
pled equations in the initial model state and the model
error estimate. This fact indicates that, in order to effec-
tively distinguish between initial state and model error
corrections, accurate a priori statistical information is
required on their error statistics B and Q and their covari-
ance. These error statistics are notoriously difficult to
estimate reliably, and their covariance even more so. For
this reason other assumptions are needed to disentangle
initial state and model error corrections. The numerical
experiments carried out with a quasi-geostrophic model
showed that the forcing formulation of weak-constraint
4D-Var can perform satisfactorily when background and
model errors act on different spatial scales, and this is
reflected in their respective error covariances. This situ-
ation is well verified in the IFS, where model biases are
prevalent in the stratosphere while initial condition errors
on smaller spatial scales and shorter temporal scales are
prevalent in the troposphere (Laloyaux et al., 2020). The
results presented in this work explain the positive impact
of this error scale separation idea seen in the operational

IFS, as reported in Laloyaux et al., (2020). The number
of degrees of freedom is larger in weak-constraint 4D-Var
since the initial condition and the model error forcing
can both be corrected to obtain a better fit to the obser-
vations. The method also crucially relies on an observing
system with a component, sufficient in number, that is
unbiased and spatially homogeneous. The importance of
anchoring data is therefore evident to ensure the good
behaviour of weak-constraint 4D-Var. The interaction of
weak-constraint 4D-Var and bias-correction techniques in
observation space (e.g., VarBC) is also crucial and it will be
explored in future work.

The assumption that the model error is additive and
constant within the assimilation window implicitly lim-
its the applicability of the proposed methodology to model
errors that evolve slowly on the assimilation window’s
time-scales. This is consistent with the idea of correcting
model errors only on scales significantly larger than back-
ground errors ("errors of the day"), and the fact that we
cycle model error estimates with the identity model. How-
ever this assumption can be relaxed both in the forcing
formulation and in the 4D-state weak-constraint 4D-Var
formulation. In the latter, the control variable is defined as
the model state at the start of several sub-intervals in the
assimilation window. We found that this approach does
not perform well in the case of systematic model errors,
mainly because the information on model error learned
during each minimisation is not propagated to the follow-
ing analysis as the forcing formulation does (albeit only
with an identity model). There are at least three possible
ways to improve the behaviour of the 4D-state formula-
tion in these experimental set-ups. One is to reduce the
length of the assimilation window in order to prevent a
large error to develop in the first-guess trajectories. How-
ever this effectively calls into question the whole idea of
weak-constraint 4D-Var. Another possibility is to advance
the assimilation system forward in time using sliding,
overlapping windows. We have not tried this approach
here but we note that (a) this requires the specification
of the model error covariances at the beginning of each
subwindow, and (b) this method is significantly more
expensive from a computational point of view and, at
least in the case of slowly evolving model errors, not effi-
cient. Another alternative may be to diagnose the model
error through the subwindows and carry this informa-
tion to the next cycle. Evaluation of these issues is left for
future work.
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