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Announcement

There will be no class on 21.04.2013

(further announcements via e-mail)
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Seminar
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Emanuel Laude
Frank Schmidt

Wednesday, April 16
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| Space of shapes
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Rigid similarity Non -rigid similarity

Part of the same metric space Two different metric spaces

Main idea : Find a representation of the two shapes in a common metric space
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Metric spaces

A setM is a metric space if for every pair opoints X, yI' M there is a
metric (or distance) function d,, :M3 M - R, C;{O,D} such that

identity of indiscernibles dM (X, y) =) U X=Y
symmetry dM (X, y) = dM (Y, X)
triangle inequality d, (x,y)¢d,(y,2)+d,,(z,X) forany XY, zl M

We will specify a metric space as the pai(M, d,, )
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Examples of metric spaces

X = AE R* dy (X, y) =|x- ],

_e0 If x=y
X = any set dx(x,y)—:,1 .
X =R dx(X’y):‘X' Y‘

dX (X1 y) = IOg‘X- y‘
X = R? d, (%, %), (Y1, ¥2)) = max(x, - %|,| Vi - Va))

X = A® B dy ((&,8),(a,,1,)) = /dA(a,3,)? +dg (b, b))
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Compactness

For the rest of this class we will assume our metric spaces to be (sequentially)
compact.

A metric space(X,d, ) isompactif and only if every sequence inX has a
Cauchy subsequencet6tally boundedness that converges to a point in X
(completeness.

A sequence{xn} in a metric spaqeX,d, ) is calle€auchy sequencé
dy (X, %,) - 0asnm- =

More formally: forany @>0 there exists anly  such thdly (X, X,) <€
whenever n,m?2 n,

Compactness allows to apply many techniques of calculus on metric spaces,
and has some important consequences.
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lsometries

Let (X,d,) andY,d,) betwo metric spaces.
Amap f: X - Y iscalledistance-preservingif

dy (% Y) =d, (F(X, f(y)) forany Xyl X

A bijective, distance-preserving map is called ansometry. Two spaces
areisometric if there exists an isometry between them.
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lsometries

Let (X,d,) andY,d,) be two metric spaces.

Amap f: X - Y iscalledistance-preservingif
dy (%, y) =d,(f(x), f(y)) forany Xyl X

A bijective, distance-preserving map is called ansometry. Two spaces
areisometric if there exists an isometry between them.

Exercise Show that any isometry is a homeomorphism.

Exercisel ) O1 60 AEEAAOEOEOU OAAOQOI AAT|Oe

Answer: A surjective, distancepreserving map is called an isometry.
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Metrics

Let X be a metric space and/ >0 . The metric spadeX , which we call
X dilated, is the same sei equipped with another distance function d,
defined by

d.(Xy) =/d,(xy) foral Xyl X .=>

If X is a metric space andY E X | then a metric ovican be obtained

by the restriction d, =d, |, such that
d,(x,y)=d,(x,y) forall Xyl Y .
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Metrics

The distance from a pointx to a setSin a metric spaceX is defined by

=
The diameter of a setSin a metric spaceX is defined by

diam(S) = supd, (x,Y) X

The compactness ofX ensures that diam(X) <&  and that there exist two
points X, yl X suchthatdiam(X) =d, (X, y)

dist, (X, S) = |nf d, (X Y)
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Ambilent space

If X is a metricspaceandY E X , theXis calledambient spacefor Y.

Restricting d, tod, |, isthe simplest, but not the only way to define a
metric on a subset. In many cases it is more natural to consider an
intrinsic metric, which is generally not equal to the one restricted from the

ambient space.

Example

R? S' carries the restricted Euclidean metricH CR
1
S / \ 1 An alternative is the (shortest) arc length g

Question : is (S',| ) isometricto(S',g) ?
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Lipschitz maps

Amap f: X - Y between metric spaces is calletbschitz if there
existsaC2 ( such that

d, (f(x), f(x)) ¢ Cd, (x,X,) for all Xl,le' X

All Lipschitz maps are continuous (exercise).

Any suitable value of C is referred to as aLipschitz constant of f.
The minimal Lipschitz constant is called the dilatation of f, denoted by dil f

dil f = sup & (; (>(<1X)1 L ()Xz))
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BrLipschitz maps

Amap f: X - Y Dbetween metric spaces is callbdLipschitz if
there are positive constantsc and C such that

cd, (%, %) ¢ d, (f(x), f(x;)) ¢ Cd, (x,X%,)
for all Xl,XZI' X

A map with Lipschitz constant C =1 is callechonexpanding.

Exercise Prove thatdist, (X,S) is a nonexpanding function.
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Smooth surfaces in can be (at least locally) parametrized by a
domain , for example as graphs of smooth functions
or as images of embeddings

c -

The two parametrizations determine a homeomorphism from one to the other



