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Announcement

There will be no class on 21.04.2013

(further announcements via e-mail)
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Space of shapes
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Space of shapes
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Choosing the metric

GeodesicEuclidean Diffusion



Non -rigid similarityRigid similarity

Part of the same metric space Two different metric spaces

3R

Main idea : Find a representation of the two shapes in a common metric space



Metric spaces

A setM is a metric space if for every pair of points there is a 
metric (or distance) function                                                        such that
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),( MdMWe will specify a metric space as the pair

identity of indiscernibles

symmetry

triangle inequality

3ÁÔÉÓÆÙÉÎÇ Á ÓÕÂÓÅÔ ÏÆ ÔÈÅÓÅ ÐÒÏÐÅÒÔÉÅÓ ÌÅÁÄÓ ÔÏ ÔÈÅ ÄÅÆÉÎÉÔÉÏÎ ÏÆ ȰÓÅÍÉȱ-
ÍÅÔÒÉÃ ÓÐÁÃÅÓȟ ȰÐÓÅÕÄÏȱ-metric spaces, etc.



Examples of metric spaces
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Compactness
For the rest of this class we will assume our metric spaces to be (sequentially) 
compact.

A metric space                  is compact if and only if every sequence in X has a 
Cauchy subsequence (totally boundedness) that converges to a point in X
(completeness).
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Compactness allows to apply many techniques of calculus on metric spaces, 
and has some important consequences.

A sequence           in a metric space                 is called a Cauchy sequence if     
as

More formally: for any              there exists an        such that                      
whenever                 
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Isometries

A map                        is called distance-preserving if

A bijective, distance-preserving map is called an isometry. Two spaces 
are isometric if there exists an isometry between them.

YXf ­:

))(),((),( yfxfdyxd YX = for any Xyx Í,

Let                    and                 be two metric spaces.),( XdX ),( YdY
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Isometries

A map                        is called distance-preserving if

A bijective, distance-preserving map is called an isometry. Two spaces 
are isometric if there exists an isometry between them.

YXf ­:

))(),((),( yfxfdyxd YX = for any Xyx Í,

Let                    and                 be two metric spaces.),( XdX ),( YdY

Exerciseȡ 3ÈÏ× ÔÈÁÔ ȰÂÅÉÎÇ ÉÓÏÍÅÔÒÉÃȱ ÉÓ ÁÎ ÅÑÕÉÖÁÌÅÎÃÅ ÒÅÌÁÔÉÏÎȢ

Exerciseȡ )ÓÎȭÔ ÂÉÊÅÃÔÉÖÉÔÙ ÒÅÄÕÎÄÁÎÔȩ

Answer: A surjective, distance-preserving map is called an isometry.

Exercise: Show that any isometry is a homeomorphism.



Metrics

Let X be a metric space and             . The metric space         , which we call 
X dilated, is the same set X equipped with another distance function           
defined by
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If X is a metric space and                 , then a metric on Y can be obtained 
by the restriction , such that
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Metrics

The distance from a point x to a set S in a metric space X is defined by
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SyÍ

=
XSx

The diameter of a set S in a metric space X is defined by
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The compactness of X ensures that                             and that there exist two 
points                  such that
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Ambient space

XYË

Restricting           to              is the simplest, but not the only way to define a 
metric on a subset. In many cases it is more natural to consider an 
intrinsic metric , which is generally not equal to the one restricted from the 
ambient space.
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2R carries the restricted Euclidean metric
1S Ö

An alternative is the (shortest) arc length

Question :  is                  isometric to               ?),( 1 gS),( 1 ÖS

g

Example

If X is a metric space and                 , then X is called ambient spacefor Y.



Lipschitz maps

A map                         between metric spaces is called Lipschitz if there 
exists a               such that

YXf ­:

0²C
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Any suitable value of C is referred to as a Lipschitz constant of  f.
The minimal Lipschitz constant is called the dilatation of f, denoted by fdil
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All Lipschitz maps are continuous (exercise!).



Bi-Lipschitz maps

A map                         between metric spaces is called bi-Lipschitz if 
there are positive constants c and C such that

YXf ­:

),())(),((),( 212121 xxdCxfxfdxxdc XYX ¢¢
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A map with Lipschitz constant               is called nonexpanding.1=C

Exercise: Prove that                        is a nonexpanding function.),(distX Sx
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Smooth surfaces in          can be (at least locally) parametrized by a 
domain                 , for example as graphs of smooth functions 
or as images of embeddings 

The two parametrizations determine a homeomorphism from one to the other


